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In their article A. Blokhuis, D. Jungnickel and B. Schmidt (2002) [1]
have shown that if an abelian (n,n,n,1)-difference set exists, then
n is a power of a prime. In this article we prove that if an abelian
(2n,n,2n,2)-difference set exists, then n is a power of 2 except in
a few special cases. This is also a generalization of one of T. Feng
and Q. Xiang’s (2008) [2] results in the abelian case.
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1. Introduction
Let G be a group of order mu and U a subgroup of G of order u. A k-subset D of G is called an
(m,u,k, λ)-difference set in G with respect to U if the list of quotients d1d
−1
2 with d1,d2 ∈ D (d1 = d2)
contains each element in G \ U exactly λ times and contains no elements in U . The deﬁnition yields
the group ring equation
DD(−1) = k + λ(G − U ) (1)
where we identify a subset X of G with the group ring element
∑
x∈X x ∈ C[G] and set X (−1) =∑
x∈X x−1. D is also called a relative difference set relative to U and U is called a forbidden subgroup. If
G is abelian, then D is said to be abelian. By deﬁnition m k and k2 = k + λ(mu − u). If m = k then
(m,u,k, λ) = (uλ,u,uλ,λ) and D is said to be semi-regular.
In their article [2] T. Feng and Q. Xiang have shown the following.
Theorem 1.1. (See [2].) Let p be a prime. If a group of order 2p2 contains a (2p, p,2p,2)-difference set, then
p = 2.
In Section 3 we present the following.
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difference set, then p = 2.
When p = 2, the following example is well known.
Example 1.2. (See [4].) Let K = GF (2m+1) and K = K/GF (2) and let G = K × K be a group with
multiplication deﬁned by (a,b)(c,d) = (a + c,b + d + ac). Then D := K × {0} is a (2m+1,2m,2m+1,2)-
difference set in G relative to U := {0} × K .
In [1] A. Blokhuis, D. Jungnickel and B. Schmidt have shown that an abelian group containing a
semi-regular relative difference set with λ = 1 has a prime power order. Concerning the case λ = 2
we present the following as an application of Theorem 3.9.
Theorem 3.11. If an abelian (2n,n,2n,2)-difference set exists, then n is a power of 2 except in the following
cases.
(i) n = 2a3b , a,b 1.
(ii) n = 2a3b pc , pc > 2a3b > 1 for a prime p > 3.
2. Preliminaries
For a group ring element A of Z[G], we denote by [A]1 the coeﬃcient of 1 of A. If A =∑g∈G ag g ,
where ag ∈ Z, we write |A| =∑g∈G ag (see [1]). For a prime p, we denote by rp(G) the p-rank of an
abelian group G .
Result 2.1. (See [1].) Let G be an abelian group and let N be a subgroup of G , and let p be a prime.
Then
[
G(p)
]
1 = prp(G),[
G(p)N
]
1 = prp(G/N)|N|.
Result 2.2. (See [1].) Let G be an abelian group, let D ∈ Z[G] with |D| = k and
DD(−1) = k + X,
DX = aG
for some integer a and X ∈ Z[G]. Furthermore, let p  3 be a prime dividing k. Then
(p − 1)k2  k[X + X (p)]1 + [X X (p)]1 (2)
with equality if and only if D(−1)D(p) has coeﬃcients 0 and p only.
We use the following fact in Section 3.
Lemma 2.3. Let p be a prime and set ζ = ζpe , a primitive pe-th root of unity. Let σ = cpe−1ζ pe−1 +
cpe−2ζ p
e−2 + · · · + c1ζ + c0 , where ci ∈ Z, 0  i  pe − 1. Then σ = 0 if and only if ci = c j for any i
and j with i ≡ j (mod pe−1).
Proof. Set θ = ζ pe−1 , K = Q(θ) and F = Q(ζ ). Then [F :Q] = pe−1(p − 1), [K :Q] = p − 1, F = K (ζ )
[3] and so [F : K ] = pe−1. Moreover,
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pe−1−1∑
t=0
p−1∑
s=0
cspe−1+tζ sp
e−1+t =
pe−1−1∑
t=0
( p−1∑
s=0
cspe−1+tθ s
)
ζ t . (3)
On the other hand, set γt =∑p−1s=0 cspe−1+tθ s and f (x) =∑pe−1−1t=0 γt xt . Then, as σ = f (ζ ), f (x) ∈ K [x]
and [F : K ] = pe−1 > deg( f ), we have
σ = 0 ⇐⇒ γt = 0, ∀t ⇐⇒
p−1∑
s=0
cspe−1+tθ s = 0, ∀t
⇐⇒ ct = cpe−1+t = c2pe−1+t = · · · = c(p−1)pe−1+t, ∀t. (4)
Thus the lemma holds. 
3. Abelian (2n,n,2n,n)-difference sets
In this section we ﬁrst consider abelian (λn,n, λn, λ)-difference sets and give a lemma on a prime
dividing n. Then we apply it to the case λ = 2. For a prime p and a positive integer m, we denote by
|m|p the highest power of p dividing m.
The following lemma is implicitly contained in Theorem 2.3 of [1]. However, we include its proof
here for the convenience of the reader.
Lemma 3.1. If there is an abelian (λn,n, λn, λ)-difference set, then there exist no primes p satisfying the
following conditions simultaneously.
(i) p | n.
(ii) p > λ+ 1.
(iii) |n|p < √n.
Proof. Let D be a (λn,n, λn, λ)-difference set in an abelian group G of order λn2 relative to a sub-
group U of G . Assume that a prime p satisﬁes (i)–(iii). Then DD(−1) = λn + λ(G − U ) and DU = G .
Set X = λ(G − U ) ∈ Z[G]. By Result 2.1,[
X X (p)
]
1 = λ2
[
(G − U )(G(p) − U (p))]1
= λ3n2 + λ2n− λ2n− λ2[UG(p)]1
= λ3n2 − λ2prp(G/U )n. (5)
Since DU = G and |D| = λn,
DX = λD(G − U ) = (λ2n− λ)G. (6)
By Result 2.2, (p − 1)(λn)2  λn[X + X (p)]1 + [X X (p)]1. Moreover, by Result 2.1, [X + X (p)]1 =
[λG(p)]1 − [λU (p)]1 = λprp(G) − λprp(U ) . Using (5), (p − 1)(λn)2  λn(λprp(G) − λprp(U )) + λ3n2 −
λ2prp(G/U )n. Hence,
(p − λ− 1)n prp(G) − λprp(U ) − prp(G/U ).
This last inequality, together with (ii), (iii), gives n (p− (λ+1))n prp(G) − prp(U ) − prp(G/U ) < n−2,
a contradiction. 
We now consider the case where λ = 2 and n = pm for some prime p and show that p = 2.
Throughout the rest of this section we assume that p is an odd prime and derive a contradiction. Let
D be a (2pm, pm,2pm,2)-difference set in an abelian group G of order 2p2m relative to a subgroup U
of G of order pm:
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Let P be a Sylow p-subgroup of G . Then, there exists an involution t of G such that
G = P × 〈t〉, |P | = p2m, t2 = 1.
We use the following notations.
Notation 3.2. D = D1 + D2t , D1, D2 ⊂ P .
By (7), DD(−1) = (D1 + D2t)(D(−1)1 + D(−1)2 t) = 2pm + 2(P − U )+ 2Pt . Hence we have
|D1| = |D2| = pm, D1U = D2U = P , (8)
D1D
(−1)
1 + D2D(−1)2 = 2pm + 2(P − U ) (9)
and
D1D
(−1)
2 + D(−1)1 D2 = 2P . (10)
We will show that χ(D1)χ(D2) = 0 for any non-trivial character χ ∈ P∗ , and so in Lemmas 3.4–
3.7 below we will assume the following to derive a contradiction.
Hypothesis 3.3. χ is a character of P∗ such that χ(D1)χ(D2) = 0.
If Ker(χ) ⊃ U , then by (8) χ(D1)χ(D2) = 0 contrary to Hypothesis 3.3. Thus we have
Ker(χ) ⊃ U . (11)
Set Q = Ker(χ). Then Q ⊃ U and P/Q  Zpe for some e  1. Set ξ = χ(D1) and η = χ(D2). By
Hypothesis 3.3, ξη = 0 and by (9) and (10) we have
ξξ + ηη = 2pm (12)
and
ξη + ξη = 0. (13)
Set ζ = ζpe and h = pe−1(p − 1). It is well known that P = (1 − ζ ) is a prime ideal in Z[ζ ] and
xp
e−1(p−1) + xpe−1(p−2) + · · · + xpe−1 + 1 = ∏s∈T (x − ζ s) is the pe-th cyclotomic polynomial, where
T = {s | 1 s pe − 1, gcd(s, p) = 1} (see [3]). From this p =∏s∈T (1− ζ s), and p factors in Z[ζ ] as
(p) =Ph (see [3] and Problem 13 of [5, Chapter 5.2]). Moreover, we note that (1 − ζ ) = (1 − ζ s) in
Z[ζ ] if s ∈ T . Thus, putting S = {s | s ∈ T , s pe−12 } and ρ =
∏
s∈S (1− ζ s), we have
(ρ) =P h2 , ρρ = p. (14)
Thus the following holds.
Lemma 3.4. Set m = 2q + r, where q is a non-negative integer and r ∈ {0,1}. Then, there exist σ ,τ ∈ Z[ζ ]
such that ξ = pqρrσ , η = pqρrτ and
σσ + ττ = 2, σ τ + τσ = 0, σ τ = 0.
Proof. By (12) and (13), (ξ + η)(ξ + η) = (ξ − η)(ξ − η) = 2pm = 2p2q+r . Hence ξ + η, ξ − η ∈
PqhPr
h
2 = (pqρr) and so 2ξ,2η ∈ (pqρr). Since p = 2, we have ξ = pqρrσ , η = pqρrτ for some
σ ,τ ∈ Z[ζ ]. Substituting these into (12) and (13) and using (14) we have the lemma. 
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for suitable integers ai and b j , 0 i, j  pe − 1.
σ = a0 + a1ζ + · · · + ape−1ζ pe−1, (15)
τ = b0 + b1ζ + · · · + bpe−1ζ pe−1. (16)
Let k be an integer such that −(pe − 1) k pe − 1. We denote by Ak and Bk the coeﬃcients of
ζ k in the expansion of σσ and ττ , respectively. Hence
Ak +A−(pe−k) =
pe−1−k∑
i=0
ai+kai +
k−1∑
i=0
aiape−k+i, k = 0, (17)
Bk + B−(pe−k) =
pe−1−k∑
i=0
bi+kbi +
k−1∑
i=0
bibpe−k+i, k = 0 (18)
and
A0 =
pe−1∑
i=0
a2i , B0 =
pe−1∑
i=0
b2i . (19)
From now on we identify indices of ai,b j with elements of Zpe . Then, by (17), (18), and (19) we have
σσ + ττ =
pe−1∑
k=0
( pe−1∑
i=0
ai+kai
)
ζ k +
pe−1∑
k=0
( pe−1∑
i=0
bi+kbi
)
ζ k. (20)
Eq. (20), together with Lemmas 2.3 and 3.4, gives
pe−1∑
i=0
a2i +
pe−1∑
i=0
b2i − 2=
pe−1∑
i=0
ai+tpe−1ai +
pe−1∑
i=0
bi+tpe−1bi, (21)
for each t , 1 t  p − 1. From this, we have
pe−1∑
i=0
(ai+tpe−1 − ai)2 +
pe−1∑
i=0
(bi+tpe−1 − bi)2 = 4. (22)
For each t , 1 t  p − 1 we deﬁne Ψt and Φt by
Ψt =
{
i
∣∣ ai+tpe−1 − ai = 0, 0 i  pe − 1}
and
Φt =
{
i
∣∣ bi+tpe−1 − bi = 0, 0 i  pe − 1}.
Moreover, for each i, 0 i  pe−1 − 1 we deﬁne Γi and Δi by
Γi = {ai+tpe−1 | 0 t  p − 1}
and
Δi = {bi+tpe−1 | 0 t  p − 1}.
Then, we have the following lemma.
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(i) If k ≡  (mod pe−1), then ak − a ∈ {0,±1}.
(ii) |Ψt | = |Φt | = 2 for each t, 1 t  p − 1.
(iii) |Γi|, |Δi | ∈ {1,2} for each i, 0 i  pe−1 − 1.
Proof. By (22), 0  |Ψt |, |Φt |  4. Moreover, as ∑pe−1i=0 (ai+tpe−1 − ai) = 0, we have |Ψt | = 1 and|Φt | = 1. In particular, (i) holds.
If |Ψt | = 3, then by (22) |Φt | = 1, a contradiction. Therefore |Ψt | = 3. Similarly |Φt | = 3. Hence
(|Ψt |, |Φt |) ∈ {(0,4), (2,2), (4,0)}.
Assume |Ψt | = 0. Then ai+tpe−1 = ai for any i, 0 ∀i  pe−1. Hence ai = ai+tpe−1 = a(i+tpe−1)+tpe−1=
· · · , and so ai = ai+tpe−1 = ai+2tpe−1 = · · · = ai+(p−1)tpe−1 . This implies that ai = ai+pe−1 = ai+2pe−1 =
· · · = ai+(p−1)pe−1 for all i, 0 ∀i  pe − 1. Since i is arbitrary, we have σ = 0 by Lemma 2.3, a con-
tradiction. Thus |Ψt | = 0. Similarly |Φt | = 0. Thus (ii) holds.
If |Γi |  3 for some i, then |ai+spe−1 − ai |  2 for some s, contrary to (i). Thus |Γi |  2. Similarly
|Δi | 2. Therefore (iii) holds. 
We deﬁne some notations. We choose elements ri ∈ Γi and si ∈ Δi arbitrary for each i, 0  i 
pe−1 − 1 and set Ni , Ai1, Ai2, Bi1 and Bi2 as follows:
Ni =
{
i + tpe−1 ∣∣ 0 t  p − 1}, 0 i  pe−1 − 1,
Ai1 = {k | k ∈ Ni, ak = ri}, Ai2 = Ni \ Ai1,
Bi1 = {k | k ∈ Ni, bk = si}, Bi2 = Ni \ Bi1.
We note that Ai2 = ∅ if |Γi | = 1, and similarly Bi2 = ∅ if |Δi | = 1.
Clearly we have
|Ai1| + |Ai2| = |Bi1| + |Bi2| = p, 0 i  pe−1 − 1. (23)
Without loss of generality we may assume that
p  |Ai1| p + 12  |Ai2| 0, p  |Bi1|
p + 1
2
 |Bi2| 0
for each i, 0 i  pe−1 − 1.
Lemma 3.7. The following holds:
pe−1−1∑
i=0
|Ai1||Ai2| =
pe−1−1∑
i=0
|Bi1||Bi2| = p − 1.
Proof. Set Ω1 = {(i + tpe−1, i) | i ∈ Ψt , 1 t  p − 1} and Ω2 = {(i + tpe−1, i) | i ∈ Φt , 1 t  p − 1}.
Counting Ω1 in two ways, we have 2(p − 1) = |Ω1| = 2∑pe−1−1i=0 |Ai1||Ai2| by Lemma 3.6. Hence∑pe−1−1
i=0 |Ai1||Ai2| = p − 1. Similarly
∑pe−1−1
i=0 |Bi1||Bi2| = p − 1. Therefore the lemma holds. 
Using Lemmas 3.4–3.7, we show the following.
Lemma 3.8. If p > 2, then χ(D1D2) = 0 for any non-trivial character χ ∈ P∗ .
Proof. Suppose χ(D1D2) = 0. Then we can apply Lemma 3.7. We note that by (23) Ai1Ai2  Ai1 +
Ai2 − 1= p − 1 if (|Ai1|, |Ai2|) = (p,0), and the equality holds if and only if (|Ai1|, |Ai2|) = (p − 1,1).
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(p − 1,1).
Hence, by Lemma 3.7, there exists k, , 0 k,  < pe−1 − 1 such that(|Ak1|, |Ak2|)= (|B1|, |B2|)= (p − 1,1) (24)
and (|Ai1|, |Ai2|)= (|B j1|, |B j2|)= (p,0), i = k, j = . (25)
On the other hand, putting θ = ζ pe−1 , we have
σ =
pe−1−1∑
i=0
( p−1∑
t=0
atpe−1+iθ t
)
ζ i, τ =
pe−1−1∑
i=0
( p−1∑
t=0
btpe−1+iθ t
)
ζ i . (26)
Since
∑p−1
t=0 θ t = 0, it follows from (24), (25) and (26) that σ = uζ k , τ = vζ  for some integers u, v .
Set γ = ζ k− . Then γ ∈ 〈ζpd 〉 for some d and u2 + v2 = 2, uv(γ + γ ) = 0 and uv = 0 by Lemma 3.4.
Thus γ + γ = 0 and so γ 2 = −1, contrary to p > 2. Therefore the lemma holds. 
Now we are ready to prove the following.
Theorem 3.9. Let p be a prime andm a positive integer. If there exists an abelian (2pm, pm,2pm,2)-difference
set, then p = 2.
Proof. Assume p > 2. Then, by Lemma 3.8 and the inversion formula (see [4]), D1D2 = |D1||D2||P | P = P .
Thus D1D2 = P .
Set Wi = supp(DiDi (−1))(i ∈ {1,2}), where supp(∑g∈G ag g) = {g | ag = 0} for ∑g∈G ag g ∈ Z[G].
Assume there exists non-identity element g ∈ W1 ∩ W2. Then g = ab−1 = cd−1 for some elements
a,b ∈ D1 and c,d ∈ D2. As ad = bc and D1D2 = P , we have a = b and c = d, which is contrary to the
choice of g . Thus W1 ∩ W2 = {1}. By (9), this implies that there exists a partition P \ U = S1 ∪ S2
satisfying D1D
(−1)
1 = pm + 2S1 and D2D(−1)2 = pm + 2S2 as elements of Z[P ]. Since χ(Di) = 0 for
some i ∈ {1,2}, we have pm = −2χ(Si), contrary to p > 2. 
Assume that a group G of order 2p2m contains an element t of order 2 which inverts a sub-
group P of G of index 2 such that t /∈ P . If G contains a (2pm, pm,2pm,2)-difference set D =
D1 + D2t (D1, D2 ⊂ P ) relative to a subgroup U of P , then D1 and D2 satisfy the following con-
ditions by a similar argument as in (8)–(10):
|D1| = |D2| = pm, D1U = D2U = P ,
D1D1
(−1) + D2D2(−1) = 2pm + 2(P − U ),
D1D2 = P .
Therefore, by a similar way of the proof of Theorem 3.9 we have the following.
Corollary 3.10. Let p be a prime. Assume that a group G of order 2p2m contains an element t of order 2 which
inverts a subgroup P of G of index 2 such that t /∈ P . If G contains a (2pm, pm,2pm,2)-difference set, then
p = 2.
As a corollary of Theorem 3.9, we have
Theorem 3.11. If an abelian (2n,n,2n,2)-difference set exists, then n is a power of 2 except in the following
cases.
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(ii) n = 2a3b pc , pc > 2a3b > 1 for a prime p > 3.
Proof. Let Ω be the set of primes dividing n. Suppose |Ω| > 1. If Ω \ {2,3} contains at least two
distinct primes, say p1, p2, then |n|p1 |n|p2  n and so either p1 or p2 satisﬁes the conditions (i)–(iii)
of Lemma 3.1, a contradiction. Therefore |Ω \ {2,3}| 1. Assume |Ω \ {2,3}| = 1 and set n = 2a3b pc ,
where p is a prime such that p > 3 and (a,b) = (0,0). Applying Lemma 3.1, |n|p √n and so pc >
2a3b . Hence (ii) holds in this case. Assume Ω = {2,3}. Then, (i) holds. Hence, if neither (i) nor (ii)
occurs, then |Ω| = 1 and therefore p = 2 applying Theorem 3.9. Thus the theorem holds. 
We remark that, in the known examples, the order of a forbidden subgroup of a semi-regular
relative difference set is a power of a prime. Concerning Theorem 3.11 we would like to raise the
following question.
Question 3.12. Does either (i) or (ii) above occur?
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